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Abstract

Using a polynomial expression of the highest coordinate map, we deduce an exact formula on the linear complexity of

the highest coordinate sequence derived from a maximal periodic sequence over an arbitrary Galois ring of characteristic pz, where p is a

prime. This generalizes the known result of Udaya and Siddiqi {for the case that the Galois ring is Z,.
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Let p be an arbitrary prime, and ¢, n, and r
be any positive integers. Let R =GR (p°, r) and R’
=GR (p°, rn) denote the Galois rings of characteris-
tic p°, with sizes p* and p“" respectively. The group
R’™ of units of R is a direct product of two sub-

groups G, and G, where G, is an abelian group of
1

e~1)rn

order p( with maximal element order p°~°, and

G is a cyclic group of order p™ — 1. Let Tr be the

trace function from R’ to R'™2!. Associated with
each element a € R'™, ¥ € G, of order p°~', and
a€ G¢ of order p™ ~ 1, we can define an m-se-

quence over Rs = {s,],> as
s, = Tr(a(ya)"), Viez=0.

Its period is p° *(p™ —1). This is the maximal peri-
od that a linear recurring periodic sequence of degree
n over R can have. All maximal periodic linear re-
curring sequences of degree n over R must be ex-
pressed as the form mentioned abovel® ).

Let g = p and I" denote the set of Teichmuller
representatives of R, namely,

r=10,1,8, 8, f 2,

where £ is an element in R of order g — 1. Under the
natural homomorphism 7: R—>R/pR=F, defined
by #{a)=a + pR, I is one-to-one corresponding to
b2

Any element a in R can be expressed as a = a,
+opay ok ptTt ya,-1€T.
For any t=20, s, is expressed as

S = S0 T Psa Tt Peilsr,e—l,

where s;.05 S¢,15 """ 5:,.-1€ I'. Then {x(s;,,~1) 1,0

a,-1 with agy, ag, =

is a sequence over F, and is called the highest coordi-
nate sequence of s.

The highest coordinate sequences derived {rom
Galois rings were a research focus in the last decade.
The sequences have nice correlation properties and are
used significantly in cryptography, coding and com-
munication applications. Some results on the linear
complexities (LC) of the highest coordinate sequences
have been achieved'® ™. In Refs. [5,6], lower and
upper bounds on the LC of the highest coordinate se-
quences {x (s, ,—1)},>0 are given for the case that
g =2. Kumar and Helleseth gave an upper and a low-
er bounds on the LC of the highest coordinate se-
quence derived from the trace sequence over Galois
ring Z,- in Ref. [7], and in Ref. [8] Sun and Hu
extended Kumar and Helleseth’ s work to the case of
general Galois rings. An exact formula on the LC of
the highest coordinate sequence | x (s, 1)},2¢ for the
case that ¢ = ¢ =2 is given by Udaya and Siddigi in
Ref. [9], where they used the fact that 25,1 =5, —

2
53 to deduce the formula.

In this paper, we assume ¢ =2 and p and r are
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respectively any prime and positive integer. Utilizing
the relation that ps, 1 =s, — s], we deduce an exact
formula on the LC of the highest coordinate sequence

i 75(5:,1) } 120
1 Some lemmas

Let Z, denote the set of all nonnegative inte-
gers. For any =€ Z\ {0f, define v,(z) as the index
of the largest power of p that divides z, and for any
n-tuple v € 27 \ {(0,0, -+, 0)}, define "yp(y) as
the index of the largest power of p that divides each
nonzero component of v. For any positive integers x
and vy, set

E.y= lz = (v, v, 'Uy-1)

€Zlvg+tuv + o Fou, =

and set [, , = |E.,, |-

Lemma 1.

lzvz(y+1—1).
.3 z

Proof. We prove this lemma by induction on v.

+ —
Trivially, we have [, ; =1= (1 * 1) . Assume
’ x
. jrtax—1
that for any 1K<y — 1, [, ;= . Tak-
x
ing a value in 10,1, <, x| for v;, we have I, =

Zzz—i,J'So’

i=0
o= ZI:(]'-FI*I'*].): (j+x)
X7 .

r —1

=0 x
Set
E;.n - {l 6 Ep,n | 'Up(ﬂ) = 0}
It is obvious that |E, | = ’ — n, since

E,.,=E, \{(p:0,-,0),
(09p50;”';0)9"',(0,"',0,17)%,

Set

*

Eq,ﬂ =|1u = ('U()i Vs "7y 'U”,l)

q
Vo' Upq

<1

cE ,iuv,

and set l;'n: lE;nl

Lemma 2. (i) Each vector in E  can be writ-

gn
17 r=1 7 . ’ ’
Vg, P w,_y) with (v, vy,

’ *
0, )€ E, 5 and

ten as a form (p"

n+p—1
p
Proof. For any v = (vy, vy, "5 va-1) € Eg s
by Lemma 6.39 in Ref. [10], we know that

(i) ¢, , =

- n.

q
ol l e nw.
So, we have
q L .
'UP( 0g v, ) = 1 if and only if "Up(g)
= r —1. (1)
For any QGE;,,,, let v = (pr_lv;, -, pr_lvn_l).

B 7’ 4 % R
Then v = (vy, vy, v,,) € Ep,n. This proves

the lemma.

2 Linear complexity of highest coordinate se-
quences

We assume that
a=(1+pb)a", ¥=1+ps, (2)
where b, € {0t U G and 0<<k<(q" —2. Then
s,= Tr(a(ya)")
n-1 i 7 j 3
= >0 (1+ pp" ) (1 + pd” )
1=0

(t+k)q

Il

n—1 ; ;
(1+ p&? + pr8? )a
j=0
q
vO'”rUn—l
~ 2 and that pz =0& R and Formula (1), we have
n—1
s7= | ST+ pb? + pro? YR
=0

7

By the facts that v,

) )22 for vp(g)Qr

If

|

1

Il

n

1+ pp% + zn:c?‘/)"cz(“k)‘f+

=3

j=
n—1

+ > q 1+ pbqj + pzaqj)”f
w€E" Vo™ Up—q =0

-1
(z+k)(v0+qv1+-~+q" v
Ca

)

n—1
= Sa“”ﬁqj + E

i=0 EGE*
an

q
U VUp-1

1

e
. a(t+k)(v0+q~u1+'--+q 1/"»1)

The last equality holds since (1+ pc)? =1 and p(1 +
pc) = p for any ¢ € R. For any =0, let g, €

such that pg, =s, —s;. Then
n—1

7 J 7
g =207 + 187)a't ™M1
j=0

n-1
(z+k) ‘v
- Z ca o goq "(mod p), (3)

1€E*
q.n
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where cy:% qvnl)i—éO(mod p)foryEE;’"
Lemma 3. Define a sequence a = {a,},>q over
B, as

& , (t+k)qj
Z(z + 17 ,
j=

where §, € Fn, nggq —2 and «a is a primitive
Let h{z)=(z—a)(x—a%) " (=x

element of F i
n=1

— o' ) and m(x) be the minimal polynomial of a .

Then

1 7=0=¢
m(z) =<h(z) 7=0%¢
h(x)? 7];&0
and the linear complexity of a is
0 7=0=¢
LC(a) =4n 7 =0+¢
2n 5 # 0.

Proof. When 7= {=0, a=0; when {70= 7,
a is an m-sequence over Fq and m(z)=h{(x). As-
sume 770. For any 0<<j<n
G — ¥C5j)%

—1, define a sequence

over Fnas ¢ =0, where

J

& 7
CEJ) - ”]qa(ﬁ Yq )

n-1
Define ¢ = ng. For any 0=<{j<{n — 1, since
J .
cifﬁz - 2aq (1) + azchﬂ =0,
(}), and so,
)

that is, (z — a? )? vanishingly acts on ¢
we know h (r)? also vanishingly acts on ¢’ and on ¢
and o> Since h () is irreducible and a #0,
m(zx)=h(x) or h(x):. U m(x)=h(x), thena
is an m-sequence and the period of a is ¢" —1. From

a,. g -1= a, for any 1220, we have

n—1 )
Tr( 7}a1+k) — Z(ﬂaﬁk)q =0,
i=0

which implies that 7 = 0 and is a contradiction. So
m(zx)=h(z)*and LC(a)=2n.

Now return to Formula (3) for the linear com-
plexity of {7 (g,)1,=0. Let
2 8 2 0(mod p)
u =<1 § =0(mod p) and & Z 0 (mod p).
0 8§ =0(mod p) and 8 =0 (mod p)
Notice that 0, 1, g, g%, =, ¢" "
qn* 'Ungl(UEEq n
we have the following

R
) are all distinet. By Lemma 3,

Theorem 1. The linear complexity of

ln'(gt)}t>0 is

n+p-—1
b

un+Z;,ni(u—1)n+ ) (4)
Remark 1. From (4) we know the linear com-
highest
{72 (g.)l,>0 is independent of the value of » (com-
pared with the result in Ref. [9] of Udaya and Sid-
diqi for the case that ¢ = e =2), and that the com-
plexity becomes large for large p and is of magnitude

plexity of the coordinate  sequence

of n?/p! for large n.

At the end of the paper, we point out that it
seems impossible to directly generalize the above
method to get an exact formula on the linear complex-
ity of the highest coordinate sequence in the cases of
e2=3, since for the case that e =2 we utilize a poly-
nomial (namely x — x¢) whose evaluation at an ele-
ment a € R exactly represents whole information of
the highest coordinate of a, however, such a polyno-
mial does not exist when =3, as shown in the {ol-
lowing proposition.

Definition 1. A polynomial f(x) & R[x] is
called a highest coordinate polynomial map of R if
there is an injection g(*) from I" to R such that

flag+ pa; + -+ pla,y) = gla.1)
s e —1 6 r.

for any ag, aq,

Proposition 1. There does not exist any highest
coordinate polynomial map when ¢==3.

Proof. Assume that
f(x) =
is the highest coordinate polynomial map of R. Then
for any z €T,
g(z) = f(p'2) = ag + p" 'asz,
and thus, a;750(mod p) since otherwise g(z) = aq
is a constant. On the other hand, we have
ag = g(0) = fF(p2) = ag + pay + p* Pay,
and a; =0(mod p), which is a contradiction.

agt ajx t a23:2 + o

References

1 McDonald B. R. Finite Rings with Identity. New York: Marcel
Delkker, 1974.

2 Wan Z. X. Finite Fields and Galois Rings. Singapore: World Sci-
entific Publisher, 2003.

3 ZhuY. F. A criterion for primitive polynomials over Galois rings.
Acta Mathematica Sinica (in Chinese), 1996, 39 (6): 783—
788.

4 ZhuY. F. Injectiveness of a mapping generating ring derived se-
quences and a restoring algorithm. Acta Mathematica Sinica (in
Chinese), 2001, 44(1): 103—110.

S Dai Z. D., Beth T. and Gollmann D. Lower bounds for the linear
complexity of sequences over residue rings. Advances in Cryptolo-

gy-EUROCRYPT '90, 1991, 473: 189—195.



Progress in Natural Science

Vol.16 No.9 2006 www.tandf. co. ulk/journals

1001

6 Dai Z. D. Binary sequences derived from ML-sequences over rings
I: periods and minimal polynomials. Journal of Cryptology, 1992,
5: 193—207.

7 Kumar P. V. and Helleseth T. An expansion for the coordinates of

the trace function over Galois rings. Applicable Algebra in Engi-

neering, Communication and Computing, 1997, 8 (5): 353—

361.

Sun N. G. and Hu L. Expansion and linear complexity of the coor-

dinate sequences over Galois rings. Journal of Complexity, Aca-

demic Press, Inc.

10

11

Udaya P. and Siddigi M. U. Optimal biphase sequences with large
linear complexity derived from sequences over Z,. IEEE Trans.
Inform. Theory, 1996, 42(1). 206—216.

Lidl R. and Niederreiter H. Finite Fields. London: Addison-Wes-
ley, 1983.

Wan Z. X. Algebra and Coding Theory (in Chinese). Beijing: Sci-
ence Press, 1979.



